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The paper deals with the determination of the coordinates of heavy atoms added to protein crystals. 
Previous methods have in general been based on Patterson or Fourier sories. In  the method de- 
scribed here, the changes in amplitude of the individual diffracted beams due to the addition of 
the heavy atom are plotted on a graph, from which the required coordinate can be deduced by 
inspection. Examples of the determination of coordinates in actual cases are given. 

1. Introduction 

The method  of determining the  phases of F(hkl) 
values in protein crystals by the addit ion of heavy  
a toms  has been established by  Perutz  (Green, Ing ram 
& Perutz,  1954). He was the first to show t h a t  certain 
chemical groups containing a heavy  a tom such as 
mercury  can be added to the  molecules without  ap- 
preciable a l terat ion of crys ta l  form, and tha t  they  
produce measurable  differences in the  values of I(hkl). 

In  a centrosymmetr ic  projection, where all s t ructure  
factors  are real (plus or minus), the values of / i F  = 
(IF(protein + h e a v y  a tom) l - IF (p ro t e in ) l )  can be used 
to form a 'Difference Pat te rson ' .  This is so because 
(AF) 2 = (F(H)) ~, F(H)  being the s t ructure  factor  of 
the  heavy  a tom alone. The peaks in the Pa t te rson  
indicate the  approximate  coordinates of the  heavy  
a tom,  and from these the  signs of most  of the / iF  
values can be ascertained. A 'Difference Fourier' can 
then  be formed with A F  values which gives more 
accura te  values of the coordinates and clears up doubt- 
ful signs. A knowledge of the  signs, and of the effect 
of the heavy  a tom in increasing or decreasing the  
intensi ty of each diffracted beam, enables the  signs of 
IF(P)[ to be determined and a Fourier  of the protein 
s t ruc ture  to be formed. 

The methods outlined above can be applied only to 
centrosymmetr ica l  structures.  Perutz  (1956) has de- 
scribed Fourier-series methods of dealing with the  
more complex cases without  symmet ry  centres. The 

present  note describes simple a l ternat ive  ways  of 
measuring coordinates of added heavy  atoms which do 
not  involve the  use of Pa t t e r son  or Fourier  series and 
can be applied to non-centrosymmetr ic  cases. Esti-  
mates  of the coordinates so obtained are compared 
with those deduced by other  methods.  I t  is impor t an t  
to know these coordinates as accurately as possible 
when they  are used to determine the  phases of 
F(protein)  (see, for instance, Ha rke r  (1956) and  the  
methods described here have certain advantages  as 
regards accuracy.  

2. The  d e t e r m i n a t i o n  of x a n d  z coordinates  in a 
monoc l in ic  crystal  

I am indebted to Dr  J .  C. Kendrew for lett ing me 
use some unpublished F measurements  for Sperm 

whale myoglobin Type A, determined in the course 
of an investigation directed towards  a three-dimen- 
sional Fourier  of the  s tructure.  Thev are measurements  
of [F(hk0)] and IF(Okl)I for 

myoglobin, 
myoglobin + parachloromercuri-benzenesulphonic 

acid, PCMBS, 
myoglobin + m e r c u r y  diammine,  HgAm2, 
myoglobin+gold  chloride, Au. 

The space group and cell constants  are 
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P21, Z = 2 ,  
a = 64.6, b = 31.1, c = 34-8 A, /~ = 105"5 °, 

with atoms at x, y, z and - x ,  y - ½ , - z .  

The x and z coordinates of the heavy  atoms will be 
de termined for the non-centrosymmetr ic  (h/c0) and 
(0#l) projections as an example;  they  can be compared 
wi th  the coordinates obtained from the centro- 
symmetr ic  (hO1) projection by  Kendrew using Fourier  
methods.  In  considering the interpreta t ion of the A F  
values it  mus t  be remembered  tha t  their  accuracy is 
low; the average value of A F  is about  100 and the 
random error ~=30. I t  is indeed a feat  of X-ray  tech- 
nique to get significant values o f / I F  when one atom 
is added to a molecule, the molecular weight of which 
is 17,000. We have to deduce the coordinates as best 
we can from these necessarily imperfect  data.  

Fig. l (a)  shows the values of ]AF(0#I)I for PCMBS 
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Fig. 1. (a) IAF(0#I)] values for PCMBS, plotted against 1. 
(b) !AF(Okl)l values for HgAm 2, plotted against 1. 

plot ted against  l, all even/c values being plotted above o 
the  axis and all odd # values below the axis. When  k 
is even, the ampl i tude  of F(H) is 2fl cos 2~lz 1, when 
k is odd it  is 2fl sin 2zlz 1. The [AF[ values will in 10C 
general  be less t han  [F(H)[ because of the phase angle 
between F(P) and 2'(H), bu t  in a reasonable propor- 
t ion of the cases, they  m a y  be expected to approach Fig. 2. 
the  m a x i m u m  (for instance in 30 % of the cases on the  
average IAF I will be wi th in  10% of }F(H)I). We can 

therefore adjus t  an envelope to enclose all the  points, 
which has a lcos 01 form above the axis and a Isin 01 
form below the axis, wi th  due allowance for the random 
errors. Such an envelope is drawn in Fig. l(a).  I t  
shows tha t  F (max . )  is about  140 units,  indicat ing the  
amount  of heavy  atom in the  uni t  cell. The positions 
of the m a x i m a  and min ima  show tha t  z 1 mus t  be very  
closely 1/7, or 0.143, since the Icos 01 curve has 
m a x i m a  at  1 = 0, 3.5, 7, 10-5 and  the {sin 01 curve has 
min ima  at  these points. The envelope is defini tely a 
poorer fi t  to the points  if drawn for z 1 = 1/6-75 = 
0.148 or 1 /7 .25--0 .138.  I t  appears reasonable to 
est imate tha t  

z~ -- 0 .143+0.003.  

Fig. 1 (b) shows a similar  procedure applied to the 
A_F values for HgAm 2. The figures are not  so consistent 
as in the case of PCMBS. There are probably  system- 
atic errors due to a lack of complete isomorphism be- 
tween the two crystals, or to the mercury  not  being 
wholly in one site. The m a x i m a  and m i n i m a  must  be 
close to 1 = 2.5, 5, 7.5, 10, possibly at s l ightly lower 
values, and it  is es t imated tha t  

z2 = 0.1024-0.005. 

Each set of curves gives the distance of the mercury  
atom from the  nearest  twofold axis, bu t  i t  remains  to 
be decided whether  taking z~ to be 0-143, we should 
take z9 to be 0.102 or 0.5+0.102. A decision can be 
made by  considering the values of F(00/) when 1 is odd, 
and noting in each case whether  they  are altered by 
PCMS and tIgAm~, in the  same or in opposite sense. 
I t  is clear tha t  the la t ter  value for z2 is the correct one. 

The values are compared below with those deduced 
by Kendrew from the centrosymmetr ic  projection: 

zl = 0.143+0.003, zl = 0.144 (Kendrew) ,  
z~ -- 0.602+0-005, z9 -- 0.598 (Kendrew) . 

3. Plot  of AF (001) values  

I t  is possible, of course, to plot only the  ZlF(00g) 
values against  1. In  this  case IAFI = IF(H)I and the 
points should all be on a l cos 0] curve. I t  is of advan- 
tage, however, to plot all the  A F  values because the 
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AIF(OOI)I values for PCMBS, plotted against l. The 
A F  7alues have been plotted with the appropriate plus and 
minus signs. 
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random errors then have  less effect on the accuracy of 
the estimate.  

Fig. 2. shows an example of plott ing F(OO1) values 
for PCMBS. This is a favourable  case, because the 
crystals appear  to be closely isomorphous and the 
mercury  to be a t t ached  to a single site. I am indebted 200 
to Dr  Kendrew for extending the measurements  out 
to the  17th order, so as to test  how accurately the z 
coordinate could be deduced. Fig. 2 illustrates an 
advan tage  of the present  method.  I t  would be a for- 
midable task  to extend a survey of (O/cl) spectra to 
such a high order, but  by  concentrat ing on the (00l) 
series one gets the accuracy corresponding to a high I~F(~0)I0 
resolving power while only a l imited number  of spectra 
need be measured.  

100 
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3 (a) and (b), however, there are a number  of anomalies 
at  higher orders which suggest t ha t  Au is not  a t t ached  
wholly to one site. 

4.  D e t e r m i n a t i o n  o f  t h e  x c o o r d i n a t e s  

Fig. 3 i l lustrates the application of the  envelope 
method  to the  (h/CO) projection, for PCMBS and 
HgAm=. The envelope for PCMBS has been drawn in 
a somewhat  different way. I t  is clear by  inspection of 
the  AF values t h a t  x~ for PCMBS is near ly  but  not  
quite 0-25. A value of exact ly  0.25 would give max ima  
for h even and zero for h odd when/C is even, and vice 
versa  when /c is odd. When  h is small, the observed 
values follow this rule, bu t  as h increases the rule is 
reversed. An envelope with minima at  a l ternate  orders 
is difficult to outline, and it is more convenient to put  
x~ = 0 - 2 5 - x '  1 and to determine x'~. 

The s t ructure  factors become 

k even" 2fz cos h(½~-O), 
k odd" 2fl sin h(½~-O), 

! 

where 0 = 2zexz. We then have  

l/IF[ < J2fl cos 2zehx~J , h+k e v e n ,  
I/IF] < J2fl sin 2~hx;J , h+k o d d ,  

and  we plot (h+k) even above the  axis, (h+k) odd 
below the axis, as d rawn in Fig. 3 (a). I t  will be seen 
tha t  2~hx'~ = z when h ~ 18, so x~ ~ 1/36 = 0.028. 
I t  is es t imated t h a t  

x z = 0"25-x'1 = 0-222±0.002.  

The results for HgAm~ are again less consistent, as 
in the (0kl) series. The envelope a t  lower values of 1 

indicates x2--1/13 = 0,077. The higher orders are 
more consistent with x 2 = 1/14 = 0.071. I t  is clear 
however t h a t  up to the 10th order it would be safe 
in calculating phase to assume the former value with 
f ( m a x . )  = 140. 

The / I F  values for Au are erratic, as is to be ex- 
pected since their  average value is only about  50 as 
compared with a random error of 30. The values for 
~IF(bOO) are plot ted in Fig. 3(c) with signs derived by 
comparison with the  / I F  values for PCMBS and 
HgAm~. They determine x3 as approximate ly  0.10. 
W h e n / I F  values are plotted for all (h/c0), as in Fig. 
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Fig. 3. (a) [/IF(hkO)J values for PCMBS, p lo t ted  against  h. 
(b) I/lF(hkO)l values for H g A m  2, p lo t ted  against  h. 
(c) AF(hO0) values for Au, p lo t ted  against  h. In  the  cases 
of h = 6, 10, 11, 12, 17 the  .F(hO0) spectra  are so weak t h a t  
reliable es t imates  of / I F  cannot  be made.  

Adopting the origin chosen by Kendrew,  the  coor- 

dinates compare as follows: 

PCMBS: x 1 = 0 .278i0.002,  x 1 = 0-275 (Kendrew) ,  
HgAm2: x 2 = 0.423+0.005, x 2 = 0.426 (Kendrew) ,  
Au:  x 3 = 0.400±0.005, x 3 = 0.4004 (Kendrew) .  

The agreement  is good, the more so when it is con- 
sidered t ha t  the present coordinates, which were 
es t imated independently,  were determined for the  non- 
centrosymmetr ic  projections whereas Kendrew's  co- 
ordinates were based on the centrosymmetr ic  (hO1) 
projection. 
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5. D e t e r m i n a t i o n  of y c o o r d i n a t e s  in  
ox h a e m o g l o b i n  

I am indebted to Dr D. W. Green and Dr A. C. T. 
Nor th  for let t ing me use the figures on which the next  
example  is based. They are F(0k0) values for the or- 
thorhombic  crystal  of ox haemoglobin (P212121, Z = 4, 
a = 64.7, b = 160.0, c = 55.2 J~). Two mercury  atoms 
can be added to sulphur  groups in each molecule. 

In  the horse haemoglobin crystals s tudied by Perutz 
(Green et al., 1954) the molecules lie on twofold axes, 
and  the added mercury  atoms are symmetr ica l ly  
placed with respect to this  axis. In  ox haemoglobin 
the  molecules are in general positions, but  they  appear  
to have, or to approximate  to, the same twofold sym- 
met ry  with their  axes sl ightly inclined to the b axis, 
so tha t  the pairs of heavy  atoms lie as in Fig. 4, where 

I 

> b  

Fig. 4. Diagram showing position of molecules in the 'a' 
projection of ox haemoglobin (Green & North). 

the  t i l t  is exaggerated. The y coordinates of a pair are 
thus only sl ightly different, and the double peaks 
which represent the atoms in the Pat terson are barely 
resolvable. I t  would appear,  however, tha t  the dif- 
ference in y coordinates can be ra ther  accurately 
measured by  the method described in this paper. 

The A F  = IF(P+H)I-IF(P)I values for the (0k0) 
spectra are plot ted against  k in Fig. 5 up to the 54th 
order. Since ini t ia l ly  the sign of AF is unknown, they  
are plotted above and below the axis and are repre- 
sented by lines which indicate the possible errors of 
measurement .  The first two loops show tha t  the mean  
coordinate of the pair  is about  1/20, or y = 0.05, and 
tha t  F (max . )  is about  600. I t  is clear, however, tha t  
the values of A F  cannot be f i t ted to a simple cosine 
curve, such as is shown as a broken line in the figure, 
for there is a run  of values near  the 30th order which 
are small,  whereas the ampl i tude  at higher k values 
becomes large again. This mus t  be due to the effect 
of two atoms with sl ightly different y coordinates 
producing two cosine curves which 'beat '  with each 
other. The best fit  is obtained by  assuming tha t  there 
are Hg atoms at (0.050±0.0084)b, which gives the full  
line in Fig. 5. The difference in y values is b/60, or 
2.66 A. 

The Difference Pat terson calculated by  Green & 
North  gave a mean  value y = 0.048 without  resolving 
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Yl from Y2. Fig. 5 (b) shows the curve drawn for a mean  
value of y = 0.048; the fit seems clearly poorer, and it  
m a y  be taken tha t  the mean  value of y is 0.050±0.002. 
We thus have 

yl = 0 .058±0.002,  
y~. = 0 .042±0.002.  

6. T h e  d e t e r m i n a t i o n  of y c o o r d i n a t e s  in  
myop,  l o b i n  

The accurate determinat ion of relative y coordinates 
is more difficult  than  tha t  of determining x or z 
coordinates in the space group P21 because phase 
angles must  be estimated.  The origin lies on a twofold 
axis, bu t  its position along this axis can be arbi t rar i ly  
chosen. A method will now be described of measur ing 
the difference between the y coordinates of two heavy 
atoms by inspection of AF values. 

Fig. 6 shows a vector diagram, P being the protein 
vector and S~, $2 the structure-factor vectors of the 
heavy atoms. To a close approximation,  when P is 
larger than  S 1 and S 2, we m a y  take it  tha t  

AF1 ~ S1 cos W~, AF2 ~ $2 cos ~2, 

where A F  = IF(protein + heavy atom)[ - I F(protein)[.  
The relation becomes inaccurate in the infrequent  cases 

P 

Y2 

Fig. 6. 

$2 
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Fig. 7. The determination of the relative displacement of PCMBS and HgAm.> in the b direction. 

when P is small, bu t  such spectra are hard  to measure 
accura te ly  because of the background intensity,  and 
little is lost by  omit t ing them from consideration. 

Fig. 7(a) shows a series of diagrams for successive 
values of k. Each  point  has as coordinates 

X = AF1/S  1 ~ cos v21, Y = AF~/S~ ,~ cos yJ~, 

where S(hkO) = 2 fees  2~hx, S(Okl) = 2f  cos 2:~lz, 
for k even; 

S(hkO) = 2f  sin 2ghx, S(Okl) = 2 f  sin 2zdz, 
for k odd. 

I f  S in the denominator  is so small as to be comparable 
with the  error of measurement ,  the  corresponding 
point  is omit ted  because the possible errors in X or Y 
are then  large. 

The phase angle Y~x-YJ~. between the S vectors is 
2gky,  where y = Y l -Y2 ,  the  relat ive displacement of 
the heavy  atoms in the b direction. When 2~ky is 
zero, X and  Y are equal and have  the same sign. 
When  2~ky = ze, they  are equal but  with opposite 
signs. As YJI-YJ2 increases, the  X,  Y points lie first on 
an ellipse with its major axis at 45 ° , then (when 
YJI-YJ2 = g/2) on a circle, then  on an ellipse with 
major  axis a t  135 °. They lie on curves like Lissajous'  
figures, inscribed in a square with a range from 
+1 to - 1  in each direction, as shown in Fig. 7(b). 

The 's tars '  in Fig. 7(a) represent  the plots for 
k = 0, 1, 2, . . . ,  10. The full lines represent  the  (hkO) 
values, the  broken lines the (Okl) values. The results 
are irregular, as is to be expected from the large ran- 
dom error. However,  a general t rend  is evident.  2z~ky 
must  be approx imate ly  ~ when k = 8. The ' s tar '  for 
k = 7 shows a closer approximat ion  to a line a t  135 ° 

than  the  ' s tar '  for k = 9, and it m a y  be est imated t h a t  
2~y lies between ~/7.5 and ~/8. Therefore 

y = 0 .064±0.003.  

Kendrew's  est imate for the separation,  based on Pat-  
terson diagrams,  is 

y = 0.058,  

which would correspond to 2~y = ~/8-5. There is thus  
fairly good agreement,  but  the  's tars '  in Fig. 7(a) 
seem to show ra ther  definitely t h a t  the  es t imate  
formed from them is a closer approximat ion.  

7. C o n c l u s i o n  

There is a difference in principle between the  Fourier  
methods  of determining coordinates, and the methods  
used here. In  a Fourier  method  all the  da t a  are in- 
corporated in one diagram and the  position of the a tom 
is denoted by a peak.  In  the present  method,  in- 
dividual spectra are plotted and the  coordinate is 
deduced from the relations between them. 

The Fourier method has the advantage that it can 
deal with a large number  of coordinates simultane- 
ously, and as most  crystals now being analysed are 
highly complex, its use is almost  universal.  In  the  
early days  of X - r a y  analysis, however, it was possible 
to determine coordinates to a high precision wi thout  
using Fourier  series. This was done by  concentrat ing 
on spectra of high order, the calculated values of 
which were very  sensitive to a small change in a co- 
ordinate,  and it was a feasible method because the  
number  of variables in the  s t ructure  was so small. 
In  the present  case, we can use similar methods  
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because generally we are only t ry ing to find the  co- 
ordinates of one a tom,  and  they  can be determined 
one a t  a time. We can concentrate  on the  spectra 
which can be measured accurately,  and neglect such 
as are uncer ta in  because a weak intensi ty  is hard  to 
measure  against  the  background.  Yet  such intensities 
m a y  correspond to F values which affect a Fourier  
considerably. Terminat ion of a Fourier  series m a y  in- 
fluence the accuracy of the  peak position, but  in 
comparing spectra it is of no importance.  A selected 
set can be measured out to a high order wi thout  undue 
labour,  and so a high resolution can be a t ta ined,  as 
in the  example of an (0k0) series for ox haemoglobin 
given above. 

i f  the  crystals were very  closely isomorphous, if 
the added heavy  a tom were on one definite site, if 
there were no error in scaling ~/he measurements  of the  
protein against  those of the  protein with added heavy  
atom,  if all spectra could be included up to an order 
where they  become negligibly small, and if the  random 
errors were small compared with the  difference pro- 
duced by  the addit ion of the heavy  atom, even for the  
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spectra which are fa int  against  the background,  any  
method  of calculation would lead to accurate  positions 
for the  heavy  atom. Actual ly,  however,  we are dealing 
with necessarily imperfect  and incomplete da t a  be- 
cause of all these sources of error. Evidence must  be 
weighed and judgement  exercised in arr iving a t  the  
best est imates of the coordinates. I t  is of first impor- 
tance to fix these coordinates as accurate ly  as pos- 
sible, because they  will eventual ly  be needed to deter- 
mine the  phases of the  protein s t ructure  factors.  I t  is 
the  purpose of this note to draw at tent ion to the  pos- 
sible advantages  of a method  of representing the  ob- 
servations,  which enables one to weigh the  evidence 
of all the most  significant and t rus twor thy  d a t a  plot ted 
in each case on the  one chart .  
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The structure of IrSe2 has been determined, using single-crystal data. The unit cell is orthorhombic 
with a = 20.94, b ---- 5.93, c = 3.74 A. There are eight iridium and sixteen selenium atoms in the 
unit cell. The space group is Pnam. The iridium atom has octahedral selenium environment, the 
coordination distances are three Ir-Se = 2.44 A and three Ir-Se = 2.52 A. Half of the selenium 
atoms are surrounded by three iridium atoms at three corners of a distorted tetrahedron, and by 
a selenium atom at a distance Se-Se = 2.57 A_ at the fourth corner. The other half of the selenium 
atoms are coordinated in the same way, but the distance Se-Se = 3.27 A in this case, which 
implies that  very little bond character is left. An explanation of the divergence in the Se-Se dis- 
tances and of the difference in the Ir-Se octahedral bond lengths is at tempted. 

I n t r o d u c t i o n  

The iridium selenides have  been studied in this 
inst i tute  by  Sovold (1954). He confirmed inter alia 
the existence of the compound IrS%, which was first 
prepared  by  WShler, Ewald  & Kral l  (1933). 

Sovold succeeded in prepar ing a few crystals  of IrSe 2 
and used a prismatic  one with cross-section 0.07 × 0.07 
ram. 2 and length 0.1 mm.  along the shortest  axis to 
t ake  Weissenberg photographs  about  the three axes, 
using Cu K ~  radiat ion ( t  = 1.542 A). Wi th  these 
photographs  he determined the  unit-cell dimensions, 
and  from the sys temat ic  absences of reflexions the 
two possible space groups Pnam and Pna, with Pnam 
as the  more probable. 

By  combining the X - r a y  d a t a  and the pycnome- 
tr ically determined densities Sovold concluded t h a t  
the diselenide possibly is a non stoickiometric com- 
pound, with a selenium content  corresponding to the  
formula  IrSe2_z, where x ~ 0.1. The calculations here 
will be based on the  composition IrSe2. 

Moreover, Sovold measured the magnetic  suscepti- 
bility of ir idium diselenide and found a weak and 
near ly  tempera ture- independent  paramagnet i sm.  

D e t e r m i n a t i o n  of  the  s t r u c t u r e  

In  the calculation of the  Fourier  projections it seemed 
safer to use the  space group Pna21, because only one 
of the special positions of the space group Pnam proved 


